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Abstract. Numerical computations are performed on a model which has been proposed to de- 
scribe the characteristic and psychological aspects of financial markets in a pure setting. Over- 
reactions, fluctuations, and convergence to realistic values are observed in these calculations. 
By varying parameters related to either emotional or rational motivations, one can obtain the 
spectrum of patterns which range from efficient to chaotic markets. 
1. INTRODUCTION 
We consider the model proposed in [l], as a simple integro-differential equation which in- 
corporates the essential psychological aspects of investing. With B denoting the fraction of 
assets in the “stock” and P the price, one has: 
dB dP k2kl 1 - B 
-=k2(l-B)-k4B, dt=Pf _- . 
dt 
l- 1 k4k3 B (1.1) 
Briefly, (1 - B) is the fraction of assets in “cash,” and the kj denote rates of transition from 
holders of stock to holders of cash. The price is determined from the ratio of cash holders 
to stock holders. The parameters, ii and is are constants and one has also 
kz = cx[i + 3 tanh(‘(t)], k4 = /3[$ - f tanh<(t)], 
Pa(,) is the actual value of the stock and the remaining parameters are 
f(z) = Glog(z). Using Leibnitz’ rule to differentiate u and V, defined by 
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positive constants; 
(1.2) 
one has the following equations, with c(t) = u(t) + v(t), 
(1.3) 
dP k21& 1 - B dB 
-=Pf v- 
dt 
1 1 k4 kg B - = k2(1 - B) - k4B, dt (1.4) 
k2 = a [4j + f tanh(u + v)] , k4 = p[i - f tanh(u + v)]. (1.5) 
This system of ordinary differentia,l equations can now be studied with a general numerical 
ODE solver on a personal computer. (In the following, we use either a fourth order Runge- 
Kutta or Adams integrator as implemented by PIIASEPLANE, a graphical ODE solver.) 
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2. NUMERICAL STUDIES 
We consider primarily the following three situations: (a) Defining Pa()) to be a constant, 
we assume an initial price, P(O), which differs substantially from Pa. The results show 
overshooting and oscillations which are larger when the emotional component is larger. 
(b) Next, we suppose that Pa(t) ’ p is iecewise constant with a sudden drop. The presence or 
absence of overshooting, oscillations and abrupt reversals again depends on the emotional 
parameters in investor sentiment. (c) We consider Pa(t) w ic increases at a constant rate h h 
and examine the instabilities in P(t). The details are outlined below. 
(a) We assume an initial price which is substantially in excess of the intrinsic value, 
Pa, which remains constant in time. When the parameters are adjusted so that emoti.onal 
memory is long (~1 << l), th e emotional intensity is small (91 << 1) and the intellectual 
inertia is small (~2 >> l), then the price P(t) approaches Pa without oscillations. However, 
when the parameters have the opposite magnitudes, large oscillations appear (Figure 1) 
with decaying peaks that asymptotically approach Pa. As the emotional memory becomes 
shorter, or the emotional intensity is larger, the amplitude of the oscillations increases. We 
note the presence of sharp peaks in Figure 1 corresponding to an abrupt shift in investor 
sentiment without any change in Pa. Furthermore, we find that the asymptotic price (limit 
of P(t) as t + co) is independent of qj and cj but depends on the initial data. In general, 
the asymptotic price exceeds Pa if the initial price is lower than Pa and vice versa. This 
seems reasonable in that an initially undervalued stock has a history of rising so that the 
contribution of the ‘1~ part of C is a positive one. 
Figure 1. 
Finally, we note that for a broad range of parameters, the ratio of the amplitudes of 
successive oscillations is between $ and i. When the emotional intensity is raised sufficiently, 
this ratio exceeds 9, but a slight increase in this parameter makes the oscillations unstable. 
(b) Next, we consider the situation in which P, is no longer constant but is piecewise 
constant with a drop (e.g., 10% or 20%) at some time. If we adjust the parameters so 
that emotional memory is long (ci << l), emotional intensity is small (q1 << 1) and the 
intellectual inertia is small (~2 >> l), then P(t) approaches the lower value of Pa(t) quickly 
and smoothly (Figure 2). This means that a sophisticated investor’s approach to a change 
in fundamental value results in a simple change in price without overshooting. 
However, a change in emotional intensity (from q1 = 0.1 to q1 = 2.0) results in large 
abrupt price fluctuations which stabilize after a few oscillations (Figure 3). The initial 
rebound occurs suddenly after a sharp drop which recovers some fraction of the initial price 
losses and is then followed by a second abrupt turn downward. This is characteristic of many 
market crashes including October 1929 and 1987. If the emotional intensity q1 is raised to 
3, the rebound exceeds the original price (Figure 4). The r&o of successive peaks is almost 
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Figure 2. 
Figure 3. 
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Figure 4. 
unchanged as we vary these parameters drastically. A surprising feature of all the numerical 
results is that the amplitude 6 of f(z) in (1.1) d oes not change the graphs appreciably. 
(c) Finally, we study the behavior of P(t) when P,(t) increase at a constant rate but 
the initial value of P is significantly less than P,(O), i.e., the stock is undervalued. If the 
38 G. CAGINALP, G.B. ERMENTROUT 
emotional intensity is sufficiently large, there are oscillations about P,(t) (Figure 5) which 
are qualitatively similar to the laboratory experiments of Smith, Suchanek, and Williams 
[2]. For smaller values of emotional intensity one obtains a smooth approach to Pa(i). An 
interesting feature of instabilities (for large ql) in this situation is the apparent subsiding of 
oscillations followed by even bigger oscillations. 
P(t) 
I t 
Figure 5. 
The main feature we see in all simulations is that for most parameter regimes that we 
explored where emotions were dominant, there was an approach to equilibrium that was 
oscillatory. Thus, it will generally be the case that any changes in the intrinsic value of the 
stock or an influx of new investors will result in some overshoot of the equilibrium value. 
The implication of this is that cyclic behavior of the market is fundamental when there are 
emotional factors involved in investor sentiment (in particular the reaction to changes in 
price). 
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